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^ ■ §1. Introduction. 

^ . In this paper, we continue our investigation of domains with non-compact automorphism 

ri ! groups in [FW]. We shall prove the following: 

"t^ ■ 

^ ' Main Theorem. If D is a simply- connected domain in C"^ with generic piecewise smooth 
Levi-flat boundary and non-compact automorphism group, then D is biholomorphic to the 
bidisc. 

The boundary bD of a bounded domain D in is called piecewise smooth if there exists 
O ■ a neighborhood U oi D and pk E C°°{U), 1 < k < m, such that D = {q E U] Pk{Q) < 
^ ! 0, 1 < /c < m} and dpk^A. . .Adpki 7^ on Cij^iSkj for any distinct /ci, . . . , /c; G {1, . . . , m}, 

O '. where Sj = {q E U; Pj{q) — 0}- It is called generic piecewise smooth if dpk^ A. . .Adpki 7^ 
^ ' on r\''j^iSk^. The boundary bD is called (generic) piecewise smooth Levi-flat if each Sj is 



0\ ■ 

in additional Levi-flat (See Section 3). We will call {pj; 1 < j < m} a defining system of 
D and each Sj a defining hyper surf ace of D. 
g ■ When D is convex, the above result was obtained by K.-T. Kim [Kiml] (see [W2] for 

related results). Kim's proof uses a refine version of the rescaling method introduced by 
Frankel [Fra]. It was proved by Pinchuk [P] that a homogeneous bounded domain with 
^ ' piecewise smooth boundary is biholomorphic to a product of balls. Note that the non- 
■ compact condition in the above theorem is weaker than the homogeneous condition in 
Pinchuk's result. In the latter case, one can choose a special boundary accumulation point 
that has properties similar to those possessed by a strictly pseudoconvex boundary point. 
See [Kodl, 2] and [CS] for results along this line. We remark that the simply-connected 
condition on D cannot be dropped. For example, the product of a disc and an annulus 
has generic piecewise smooth Levi-flat boundary and non-compact automorphism group. 
However, it is not biholomorphic to the bidisc. For motivation and background on the 
subject, we refer readers to [Wl,2], [R], [GKl-3], [BP1,2], [Kiml,2], [FIK], and references 
therein. 
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§2. Preliminaries. 

Let D be a bounded domain in C". Let A be the unit disc and A" the unit n-polydisc. 
Let H{Di,D2) be the family of holomorphic mappings from Di to D2- Let T{D) be the 
holomorphic tangent bundle of D. we will identify T{D) with D x C"^. 

The Kobayashi-Royden metric : T{D) ^ E+ U {0} is defined by 

F^{z,v) = inf {1/A; there exits / G H{A,D) with /(O) = z, /'(O) ^ Xv, A > } 
for (z,v) e T(D). 

For f{z) = {fi{zi,... ,Zn),... , fm{zi, ■■■ , Zn)), we denote by f'{z) the m x n Jacobian 
matrix (dfj/dzk). The Eisenman-Kobayashi measure on D is defined by 

The Caratheodory measure M£ on D is defined by 

ME{z)^sup{\detf{z)\'- feH{D,A^), f{z) = 0}. 

We list some well-known properties of the Kobayashi-Royden metric and the invariant 
measures. 

Lemma 2.1. Let D, Di and D2 be bounded domains in C^. 

(1) Iff e H{DuD2), then F§^{p,v) > F§^{f{p)J,p{v)) for {p,v) e T{D,). 

(2) If f e H{Di,D2), then Md^z) > Mo2(/(^))| det/'(z)p, where Md is either of the 

invariant measures. 

(3) Let Tx:Di ^ D2 he a covering mapping, then F^_^{z,v) — F^^{tt{z),tT:^{v)) and M^_^{z) 
= M|^(7r(^))|det7r'(^)p. 

(4) M^{z) > M£{z) for all z e D. If M^{zo) = M£{zo) for some zq e D, then D is 
biholomorphic to A'^. 

For more information on invariant metrics and measures, we refer readers to [Kob], [Kr], 
[GW1,2], and [JP]. 

Let Tg — {re*"'; r>0, it — 9<a<TT + 9}he the cone with vertex at the origin and 
angles between its edges and the negative Re2;-axis 9. Let A (a, r) be the disc with center 
a and radius r. Let A^ = A(0, e) and Tg = Tg (1 A^. 

Lemma 2.2. Let 9i and 6*2 be two numbers such that < 6*1 < 6*2 < tt. Let zj = rje**^^+"^'), 
—9i < aj < 9i, be a sequence in Fq-^. Suppose that Zj — >• and ojj — >• a < 6*1. Then for 
any positive numbers ei and €2, 
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where M is either of the invariant measures. 

Proof. Note that in this case the two invariant measures are identical. In fact, they are 
the square of the Poincare metric in the unit direction. Using the conformal mapping 



that maps Tg onto the upper-half plane and the explicit formula for Poincare metric of 
the upper-half plane, one obtains by straight-forward but tedious calculations that for 
z = re^('^+^) with -9 < (fx 9, 



The lemma then follows from the above formula. □ 

§3 Levi-flat hypersur faces. 

Let S he a, smooth hypersurface in C"^. Let p be a defining function for 5', i.e., there 
exists a neighborhood U of S such that p E C°^{U), S = {z e U; p{z) = 0}, and dp{z) ^ 
on S. The hypersurface S is called pseudoconvex if the Levi-form 



for allzeS and X e C" with §lr{z)Xj = 0. It is called Levi-flat if the ">" sign in 

the above inequality is replaced by the "=" sign. 

It is well-known that a Levi-flat hypersurface is locally foliated by complex manifolds 
of codimension 1 (cf. [Fre]). In particular, if 5" is a Levi-flat hypersurface in and p E S, 
then there exists a neighborhood U oip and a diffeomorphism gt{C) — g{tj 0- 1) x A — > 
SnU such that gtiC) is holomorphic in (. Each open Riemann surface ^t(A) is a leaf of the 
foliation. The following lemma shows that if S contains an affine disc, then one can piece 
together the local foliations to obtain a foliation of 5" in a neighborhood of any smaller 
disc of the given disc. Since we cannot find a reference for such a result, we provide the 
details of the proof, which is inspired in part by the work of Barrett and Fornaess [BaF] . 

Lemma 3.1. Let M = Ax {0} and let S be a Levi-flat hypersurface containing M . Then 
for any 5 with < 5 < 1 there exists a neighborhood Ns of As x {0} and a diffeomorphism 
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C) from (-1,1) X As onto S n Ns such that C) = {C,'^{t,C)) where ip{t,C) is 
holomorphic in ( and <^(0, C) = for ( e As- 

Proof. It follows from Theorem 8 in [DF] (see Lemma 3.3 below) that after a change 
of coordinate system in a neighborhood of M, the real normal of S is constant on M. 
Assume that the normal direction is the positive real Re tu-direction. Then S is given in a 
neighborhood of x {0} by 

(2.1) Rew + r{z,z,lTLnw) = 

where \r{z, z, lmw)\ < C\ lmw\'^ for some constant C > 0. 

We now cover the closure of by finitely many discs A{zj, rj), < j < m, so that 5' 
has a foliation by open Riemann surfaces in a neighborhood Uj of A(^j, 2rj) x {0}. 

Without loss of generality, we assume that A{zo,ro) contains the origin. Let g{tX) = 
(fi'^(^7 0? fi'^(^7 C))- (""I7 1) X A SHUq be a foliation of SHUq. After reparametrization, we 
may assume that (7(0,0) = 0. Since (7(0, A) G it follows from (2.1) that | Re g'^{OX) \ < 
C|Im£?2(o,()|2. Thus, g'^{0,C) = and g\0,C) is one-to-one for C E A. Let a G (0, 1) be 
sufficiently closed to 1 such that A{zo,ro) CC ^-"^(O, A^). It is easy to see from Rouche's 
theorem that gKC) = g^it, C) is one-to-one on A^ for sufficiently small t. 

Let $o(t,C) = iC.MtX))- (-eo,eo) x A(^o,ro) ^ S where cpo{tX) = gt ° idD'HO 
and eo is a sufficiently small positive constant. After a reparametrization in t, we may 
assume that $o(^, 0) = (0, — r(0, 0, t) + it). It is clear that $o(^, C) gives a foliation of S in 
a neighborhood of A{zo, ro) x {0}. 

We now show how to extend $o(^, C) to obtain a foliation of 5' in a neighborhood of 
A^ X {0}. Suppose that A(2;o,ro) n A(2;i,ri) ^ 0. Let p G A{zo,ro) n A{zi,ri). Let 
$i(t, C) = (C, (/7i(t, C)): (— ei,ei) x A{zi,ri) S he defined as in the previous paragraph 
such that $i(t,p) = (p, (/7o(^,p))- Here ei is a sufficiently small constant. It follows 
from the uniqueness of the foliation that ^o{t,() = $i(t, C) for t G (— eo,eo) n (— ei,ei) 
and ( G A{zQ,rQ) fl A{zi,ri). Piecing together the foliations of 5' in a neighborhood of 
A{zj, rj) X {0} in this manner, we obtain a smooth foliation of 5' in a neighborhood of A^ 
in a form of 

$(t,C) = (C,¥'(t,C)):(-e',0 X A,^5 

where $(t,0) = (0, — r(0,0,t) + it) and e' > is a sufficiently small constant. After a 
reparametrization in t, we may assume that e' = 1. □ 

Lemma 3.2. Let D be a bounded domain in with piecewise smooth Levi-flat boundary. 
Let S he one of the defining hypersurfaces of D. Let D he a suhdomain of D and let 
g: D ^ bD he a holomorphic map. If g{D) H S ^ 0, then g{D) C S. 

Proof. We assume that g is a. non-constant map. Let M = g{D) n S. Then M is a closed 
subset of g{L)). We now prove that it is also an open subset. Let p E M and p = g{q) for 
some q E D. After a change of coordinate system, we may assume that p = (0, 0), the leaf 
of S through p is locally parameterized hy ( ^-^ (C, 0), and S is locally defined by 

p{z, w) — Rew + Imw ■ r{z, z, Imw) 
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where r{z,z,lm.w) = 0{\z\ + \ lmw\). Write g = {g^,g^). It follows from p{g^,g^) < 
that Reg'^{z,w) < \Im. g'^{z,w)\ for {z,w) sufficiently closed to q. Since g^{q) = 0, it 
follows from the open mapping property of non-constant holomorphic functions that g"^ is 
identically zero near q. Since M contains the set {{g^{z, w), 0); for all {z,w) near q}, it is 
also an open subset of g{D). Therefore g{D) — M C S. □ 

Since the above-mentioned result of Diederich and Fornsess [DF, Theorem 8] plays an 
important role in this paper, we reformulate it here for reader's convenience. 

Theorem 3.3 (Diederich- Fornaess). Let D be a bounded domain in such that M = 
A X {0} C bD. Assume that bD is smooth and pseudoconvex in a neighborhood of M with 
a local defining function r = r{z,w). Assume further that the outward normal direction 
of bD at the origin is the positive Kew-axis. Let v(z) = arg 0). Then v{z) defines 

a harmonic function on A. Furtherm,ore, if u{z) is a harmonic conjugate of v{z) and 
h{z) = cxp(— ^(2) +iv{z)), then the outward normal of bD is constant on M in the new 
coordinates {z' , w') defined by z' = z and w' — wh{z). 

§4. Proof of the Main Theorem, Part I. 

For the rest of the paper, we will use D to denote a simply-connected domain in 
with generic piecewise smooth Levi-flat boundary and non-compact automorphism group 
Aut(D). Let {gk} C Aut(D). Suppose that gkiq) bD as k ^ 00 for some q e D. After 
passing to a subsequence, we may assume that gk ^ 9 local uniformly on D. It follows 
from Cartan's theorem (cf. [Nal, pp. 78]) that g: D ^ bD. 

Let S = bD n {Uj:^k{Sj n Sk)) be the set of singular boundary points. Let 71 — bD \ S 
be the set of regular boundary points. 

In this section, we prove the main theorem for the case when g{D) (ITZ 0. 

Let p = g{q) G g{D) CiTZ. Assume that p & S where S is one of the defining hypersurfaces 
of D with defining function p. Then there exists a neighborhood U of p so that D (lU = 
{{z,w) G U; p{z,w) < 0}. It follows from Lemma 3.2 that g{D) C S. 

Lemma 4.1. With above notations and conditions, g ^ constant. Furthermore, if D is a 
relatively compact subdomain of D, then g{D) is a locally closed open Riemann surface. 

Proof. Let qj = gj (q) and let pj be the projection of qj onto the boundary in the direction 
of the outward normal of bD at p. Let Mj be the leaf on S that passes through pj and let 
Vj be the unit complex tangent vector of Mj at pj. It is easy to see that 

Wigj'YiQjMl < FE{q,{gj')'{qj)vj) = F§{qj,vj) < 1 

for all j. Let Vj = {gj~^y{qj)vj/\\{g~^y{qj)vj\\. Passing to a subsequence, we may assume 
that Vj converges to a unit vector v. Since \g'Jq)vj\ > 1, we have that \g'{q)v\ > 1. 

Therefore g ^ constant. 

Let q' E D and p' = g{q'). After a change of local coordinate near p' , we assume that 
p' = (0, 0), the positive Rew-axis is the outward direction of bD at p' , and the leaf of S 
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through y is locaUy parameterized hj ( t-^ (C;0)- Let g — {g^,g'^). It foUows from the 
proof of Lemma 3.2 that g"^ is identically zero in a neighborhood of q' . Therefore g^ ^ 
constant. Thus g{D)r\{A.^ x A^) 3 x {0} for sufficiently small e > 0. It remains to prove 
that after possible shrinking of e, g{D) fl (A^ x A^) = A^ x {0}. Suppose that this is not 
true. Then there exists a sequence p'^ G g{D) such that p'- p' and the second coordinate 
of p'j is not zero. Let q'j E D he such that p'j = g{q'j). After passing to a subsequence, we 



neighborhood of q. This contradicts to the assumption. □ 



assume that q'j^q^ D. Since g{q) — p', we have again that g (z^w) = for (z^w) in a 



Lemma 4.2. Let Q be a bounded domain such that M — Ax {0} C bQ and S — bO,n{Ax 
Agg) is smooth and Levi-flat for some eo > 0. Let S e (0, 1), e > 0, and Use = Aj x Ag. 
Then for any sequence {qj} in Q that tends to (0, 0), 



Proof. By Theorem 3.3, we can choose a coordinate system in a neighborhood of M such 
that the outward normal of bQ is the positive Rew-axis for points on M. Then S is given 
in a neighborhood of As x {0} by a defining function of form 



p{z, w) = Hjew + r{z, z, Im w) 



where \r{z, ^,Im'u;)| < C\ lmw\^ for some constant C > 0. 

Let Ns be a neighborhood of As x {0} and ^{t, () = {(, (p{t, C)): (-1, l)xAs^SnNs 
be the diffeomorphism constructed in Lemma 3.1. 

Write qj = {zj, aj + ibj). Let tj G (—1, 1) satisfy f{tj, zj) = —r{zj, Zj, bj) + ibj. Such tj 
is uniquely determined and tj — > 0. It is clear that Lj — Aj) is the leaf of through 
the projection of qj onto S in the direction of the positive Re w-axis. 

Let Vj{z) = axg ^{z, (f{tj, z)) where the argument takes the principal branch. Since 
^{z,0) = 1/2 for \z\ < S, Vj{z) is well-defined for sufficiently large j. It follow from 
Theorem 3.3 that Vj{z) is harmonic. Let Uj{z) be its harmonic conjugate such that Uj{0) = 
0. Let hj{z') — exp{—Uj{z') + ivj{z')). Let Fj-. {z,w) ^ {z',w') be defined by ^' = 2; and 
w' — {w — (fi{tj, z))hj{z). Then 

Fj{nnUse) = {{z',w'y, \z'\ < 5, \w'/hj{z') + (p{tj,z')\ < e, p{z',w') < 0} 

where p{z' ,w') = p{F^^{z' ,w')). Since 

p(z',0) = 0, |^(^',0) = 0, and |^(^',0) = \^{z' ,^{tj,z'))\e-^^^'^ > 

for \z'\ < 6, therefore, in the (z', io')-coordinates, Lj = As x {0} and the outward normal 
of bQ is the positive Re w'-axis for points on Lj. On the other hand, there exists a constant 
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C > such that \(p{tj, z)\ < C\tj\ and 1/C < \hj{z)\ < C for 1^1 < 5 and sufficiently large 
j. Therefore, there exist constants a > 0, 6 > 1 such that 

X {\w'\ < e/h; Rew' + a\ Imtu'l^ < 0} 

QFj{Vtr\U5e) c 
X {\w'\ < he; Rett;' + a\ \m.w'\^ < 0} 

for sufficiently small e and sufficiently large j. Thus for any two angles 6i G (0,7r/2) and 
62 G (7r/2, tt), we have A^ x r| C Fj{Vl fl t/^J C A5 x F^^ provided e is sufficiently small. 
Let q'j — Fj{qj) and w'j be the second coordinate of q'y It follows that 

By Lemma 2.2, the last term can be chosen to be as close to 1 as we wish provided j — > 00, 
e ^ 0, ^1 ^ (7r/2)-, and 62 ^ (7r/2)+. □ 

The following lemma is well-known and its proof is elementary. 

Lemma 4.3. Let D be a simply- connected domain. Let be subdomains of D such that 
Dj CC -Dj+i and Wj^iDj = D. Then Dj is also simply- connected for sufficiently large j. 

We are now in position to prove the main theorem in the case when g{D) flT^ ^ 0. The 
proof uses ideas from our previous work [FW] . We shall keep the notation and setup as at 
the beginning of this section. 

Let Di and D2 be simply-connected subdomains of D such that q G Di CC D2 dd D. 
Let V = (7(1^2) • By Lemma 4.1, V is a, locally closed open Riemann surface. Since every 
open Riemann surface is Stein (cf. [Na2, Thm 3.10.13]) and every holomorphic line bundle 
of an open Riemann surface is trivial (cf. [For, Thm 30.3]), it follows from [Siu, Cor.l] that 
there exists a biholomorphic mapping ^ from an open neighborhood of to an open 
neighborhood UoiVx {0} in "1/ x C such that '^{g{z, w)) = {g{z, w), 0) for (2, w) G D2. 
We may assume that U d V x A. Let tti: A — > 1/ be the universal covering map. Let 
n{z, w) = {ni{z), w). Let n = 7v-^{^{W n D)). Then 

n = {{z', w')eAx C; tt(z', w') G U, p(z', w') < 0} 

where p{z',w') = p(\l/~^(7r(2', w')). It is easy to see that p{z',0) = ^{z',0) = and 
-^{z',0) 7^ 0. Therefore bQ is smooth and hence Levi flat in a neighborhood of M = 
A^'x {0}. 
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Fix a preimage e 7r~^(\l/(p)). After a unitary transformation, we may assume that 
•p' = (0,0). Since tt is focally one-to-one, there exist unique hftings q'j of '^{qj) for suf- 
ficiently large j such that q'j —>■ p'. Since Di is simply-connected and gj{Di) C W H D 
for sufficiently large j, there exist unique liftings gj and g: Di — > O of "^{gj) and "^{g) 
respectively such that gj{q) = q'j and g{q) = p' . Choose S G (0, 1) sufficiently closed to 1 
such that g{Di) CC Ag x {0}. Let e > and 11$^ — As x A^. It follows from Lemma 2.1 
that 

MEM) |det^K9)pMg(^^)(Q;.) ^ \det~g'^{q)\^Mf;^^Jq'^) 

M^{q) - \detg'^{q)\mE{qj) " \det g'j{q)\mE{qj) 

^ \det g'MWMfi^uJq'^) _ \ det -g'^^ Mfj^^Jq'^) 

- I detg'MWM^^nnUs.M^) I det^^.(g)P| det7r'{q'j)\m^^^^^^^M^) 

By Lemma 4.2, {q)/M^{q) > 1. Since we can exhaust D by relatively compact simply- 
connected subdomains (Lemma 4.3), we obtain that M^iq) /M^{q) > 1. It then follows 
from Lemma 2.1(4) that D is biholomorphic to the bidisc. □ 

§5. Proof of the Main Theorem, Part II. 

In this section, we prove the main theorem when g{D) fl 5 7^ 0. 

Let p — g{q) G g{D) fl S. Then there exists a neighborhood U of p such that U Ci D = 
{{z,w) & U; pi < 0, p2 < 0} where pi and p2 are functions in a defining system of D. Let 
Si and S2 be the corresponding defining hypersurfaces. It follows from Lemma 3.2 that 
g{D) C 5'i n ^2. Since dp\{p) and dp2{p) are linearly independent over C, after an affine 
linear transformation, we may assume that p = (0, 0), dpi{p) = (0, 1), and dp2{p) = (1, 0). 

Lemma 5.1. The boundary point p is a local peak point of D. 

Proof. Assume that the leaves Li and L2 of the foliations of Si and S2 through p are 
given locally by ip{C,) = ((^i(C), ^2(0) and ifj{C) = (V'i(C)>2(C)) respectively. After 
reparametrization, we may assume that f{0) = i^{0) = p, f'{0) = (1, 0), and '(/''(O) = (0, 1). 
After a change of coordinates of form (z^w) {z'^w') where z' = z — tpi(tp2 (w)) and 
w' = w — (p2{^l^{z))^ we may assume that Li and L2 are given locally by Aj^ x {0} and 
{0} X As2 respectively. Thus, Si and S2 are defined by 

Re w + Imw ■ 0(1^1 -|- I Imt(;|) = and Re^; -|- Im^; • 0(|t(;| -|- | Im^|) = 

respectively. After possible shrinking of U, we have 

DnU C {Rew- \ Imw\ < 0} x {Re^- |Im^| < 0}. 

2 2 

Let fp{z,w) — exp(— (— 2;)3 — (—10)3) where the cubic root takes the principal branch. 
Then fp is a local peak function at p. □ 

It follows from the maximal principle that bD is variety free at p. Therefore g{D) = {p}. 
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Lemma 5.2. Let C/g = x Ag. Then for any sequence {qj} in D that tends to p, 

lim lim — ^ — — - = 1. 



Proof. The proof is similar to that of Lemma 4.2 in nature. We first project qj to the 
defining hypersurfaces and 82- We then construct a new coordinate system such that 
the leaves through the projections of qj are discs on the coordinate planes and the outward 
normal of bD is constant for points on each leaf. We then compare the invariant measures 
of D nUe with those of a product of two cones. We provide details as follows. 

As in the proof of Lemma 5.1, we can choose a coordinate system in a neighborhood 
of p such that the leaves of the foliations of and ^2 through p are locally given by 
= X {0} and = {0} x Ag^ for some eo > 0. By Theorem 3.3, we can further 
assume that the outward normal of Si is the positive Retu-axis for points on and the 
outward normal direction of S2 is the positive Re2;-axis for points on L^. For e G (0, eo), 
let C) = (C; fitj 0) be the diffeomorphism from (—1, 1) x Ag onto a neighborhood of 
Ag X {0} on Si as constructed in Lemma 3.1. Choose tj such that tj — > and Lj = Ag) 
is the leaf of the foliation of Si that passes through the projection of qj onto in the 
direction of the positive Re w-axis. Let Vj{z) = axg^{z, (fi{tj, z)). By Theorem 3.3, Vj{z) 
is harmonic on Ag. Let u^{z) be its harmonic conjugate such that lij(O) = 0. Let hj{z) ~ 
exp(—u^(z) + ivj{z)). Define Fj: [z, w) — > (2', w') hj z' = z and w' = {w ~ f{tj, z))hj{z). 
Let pi{z',w') = pi{{F})-^{z',w')) and p2{z',w') = p2{{F})-\z',w')). Then 



Piiz',0) = 0, ^{z',0) = 0, ^{z',0) = \^iz',^it„z'))\e-^(^'^>0; 
P2{0,w') = 0, ^{0,w') = 0, ^{0,w') = ^{0,w'/h]{0) + <p{tj,0))>0, 

for \z'\ < e and \w'/h^{0) + (/?(tj,0)| < eo- Therefore, in the (2;', w')-coordinates, Lj = 
Ag X {0} and the outward normal of 5*1 is the positive Re to'-axis for points on Lj. Moreover, 
L^ = {(0, ty'); \w'/h^{0) + (p{tj,0)\ < eo} and the outward normal of S2 is the positive 
Re^'-axis for points on L^. 

Since h]{0) 1 and ^^(^^,0) ^ 0, F^{L^) D {{0,w'); \w'\ < e} and Ag x Ag/2 C 
FjiUe) C Ag X A2g for sufficiently large j. 

Now let be the diff'eomorphism from (—1,1) x Ag onto a neighborhood of 

{0} X Ag on Fj(S2) as constructed in Lemma 3.1. Choose Sj such that sj and 
L'j = ^'(sj, Ag) is the leaf of the foliation of (5*2) that passes through the projection of qj 
onto 5*2 in the direction of the positive Re^'-axis. Let v'j{w') = arg ^-{'i/j{sj,w'), w'). Let 
u'j{w') be its harmonic conjugate on Ag such that w^(0) = 0. Let h'j{w') = ex.p{—u'j{w') + 
iv]{w')). Define Ff: {z',w') {z",w") by z" = {z' - i;{sj,w'))h]{w') and w" = w' . Let 
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p^{z",w")^p^{{Ff)-\z",w")) and p2{z" ,w") = p2{{Fj)-\z" ,w")). Then 

pi(-^o) = o. i^(-^o)=o^ ^(-^o) = i7(-7/^|(o) + V^(«.,o),o)>0; 

P2(0,«;") = 0, ^(0,«;") = 0, 0(O,«;") = ll^lV'l^.-,^^'),^^')!^"^'^"'^ > 0, 

for |2"//i|(0) + ■(/'(sj, 0)1 < e and < e. Therefore, in the (2", io")-coordinates, Lj and 
L| are discs on coordinate planes and the outward normal of Si (and 5*2) is the positive 
Rew"-axis (Re2;"-axis respectively) for points on Lj (L^ respectively). Let Fj — Fj o Fj. 
Then for sufficiently large j, x ^ ^e) ^ ^2e x A2e. Furthermore, there 

exists a constant C > such that 

{\z"\<e/2- Rez" + C|Im2"|2 < 0} X < e/2; Rew" + C| Im'u;"!^ < 0} 

C Fj{DnU,) = {{z",w") e Fj{U,y, pi{z",w") < 0,p2{z",w") < 0} C 
{\z"\<2e; Re^" -C|Im^"p < 0} X < 2e; Rew" - C\Imw"f < 0} 

for sufficiently large j. Thus for any two angles 9i e (0,7r/2) and ^2 € (7r/2,7r), we have 
X r| C Fj{n n t/e) C x r^^^ provided e is sufficiently small. Let q'^ = (^i = 
F/(g,). Then 

MC2.(<) Mr^2.«) 

^82 62'' 

~ M^e {Z'') ■ M^e «) ■ 

It follows from Lemma 2.2 that the last term can be chosen to be as close to 1 as we wish 
provided j 00, e ^ 0, ^1 ^ (7r/2)~, and 62 (7r/2) + , the lemma is now proved. □ 

We now prove the main theorem in this case. We use the notation and setup at the 
beginning of the section. Let q & D and qj — gj{q)- Let Di be relatively compact 
subdomain of D containing q. For any e > 0, since g{D) = {p}, gj{Di) C D nUe for 
sufficiently large j. Therefore, by Lemma 2.1 

MEiq) MEiqj) ' MEr^uSdj)' 

By Lemma 5.2, Mg^{q)/ME{q) > 1. Exhausting D by Di, we have M%{q)/ME{q) > 1- 
It then follows from Lemma 2.1 (4) that D is biholomorphic to the bidisc. Note that in 
this part of the proof the simply- connected condition on D is not needed. □ 
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